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We provide a ‘flutter machine’ for investigation of a singular interface between the classical and
reversible Hopf bifurcations that is theoretically predicted to be generic in nonconservative reversible
systems with vanishing dissipation. The setup, consisting of a cantilevered viscoelastic rod loaded
by a positional force with non-zero curl produced by dry friction, demonstrates high sensitivity of
the classical Hopf bifurcation onset to the ratio of the weak air drag and Kelvin-Voigt damping.
Thus, we experimentally confirm the Whitney umbrella singularity, responsible for discontinuities
accompanying dissipation-induced instabilities in a broad range of physical contexts.
PACS numbers: 07.10.-h, 02.40.Xx, 05.45.-a, 46.32.+x, 46.35.+z, 46.40.Ff, 46.40.Jj, 46.55.+d, 46.80.+j
Introduction– In a dissipative system oscillatory flut-
ter instability, an example of a classical Hopf bifurca-
tion, shifts a complex-conjugate pair of eigenvalues to
the right in the complex plane. This instability mech-
anism is modified for a non-dissipative system possess-
ing a reversible symmetry. Reversible dynamical systems
are governed by equations dx
dt
= g(x); g, x ∈ Rn, which
are invariant under coordinate transformation (x→ Rx)
accompanied by time reversal (t → −t), i.e. dx
dt
=
−Rg(Rx) = g(x), where R−1 = R [1]. If A = ∇g
is the matrix of linearization of the reversible system,
then A = −RAR, and the characteristic polynomial
det(A− λI) = det(−RAR−RλR) = (−1)n det(A+ λI),
implying that ±λ,±λ are eigenvalues of A. Due to the
symmetry of spectrum with respect to both the real and
imaginary axes of the complex plane, the reversible-Hopf
bifurcation requires origination of a non-semi-simple dou-
ble pair of imaginary eigenvalues and its subsequent sep-
aration into a quadruplet of complex eigenvalues.
All oscillation equations of the form d
2x
dt2
= f(x) are
reversible [1], also in the case when the positional force
f(x) has a non-trivial curl,∇×f(x) 6= 0, which makes the
reversible system nonconservative. Such nonconservative
curl forces [2] appear in modern opto-mechanical applica-
tions, including optical tweezers [3]. In mechanical engi-
neering they are known as circulatory forces for produc-
ing non-zero work along a closed circuit and are common
in the models of friction-induced vibrations, biomechan-
ics and fluid-structure interactions, to name a few [4].
A circulatory force acting on an elastic structure and
remaining directed along the tangent line to the struc-
ture at the point of its application during deformation is
known as follower [5].
Since the dynamics of an elastic structure under a fol-
lower load is described by reversible equations [1], flutter
instability may occur via the reversible-Hopf bifurcation
mechanism. In these conditions, Ziegler [5] discovered
that, when viscosity is present, the location of the curve
for the onset of the classical Hopf bifurcation is displaced
by an order-one distance in the parameter space, with re-
spect to the curve for the onset of the reversible-Hopf bi-
furcation in the elastic structure. This occurs even if the
viscous damping in the structure is infinitesimally small
[5]. Other damping mechanisms, such as air drag can
also destabilize an elastic structure under a follower load
[6, 7]. However, acting together, the air drag and the
material (Kelvin-Voigt) viscous damping can inhibit the
destabilizing effect of each other at a particular damping
ratio due to the singular interface between the classical
Hopf and reversible-Hopf bifurcations [5, 7–9].
The underlying mathematical reason for the singular
dependence of the onset of the classical Hopf bifurcation
in a dissipative near-reversible system on the parameters
of dissipation has a general character [9], as follows from
the fact that a non-semi-simple double imaginary eigen-
value has codimension 3 in the class of dissipative systems
and 1 in the class of reversible vector fields [9–11]. This
implies that in case when a dissipative system depends
on more than two parameters, a point in its parameter
space corresponding to such an eigenvalue, is a generic
singularity of the neutral stability surface of the system,
known as Whitney’s umbrella [12, 13]. Near the singu-
lar point, the neutral stability surface is a ruled surface,
with self-intersection degenerating exactly at the singu-
larity and thus producing the unique value of damping
ratio for which the onset of the classical Hopf bifurcation
tends to that of the reversible-Hopf [8, 9, 13].
Since the singularity is related to a double imaginary
eigenvalue arising from a Jordan block, it can be found
in other dissipative systems that are close to undamped
systems with the ‘reversible’ symmetry of spectrum [8].
For instance, every linear Hamiltonian system has such a
symmetry and thus displays flutter instability due to the
collision of imaginary eigenvalues and their subsequent
splitting into a quadruplet of complex eigenvalues. This
process known also as the linear Hamilton-Hopf bifurca-
tion is frequently associated with the loss of gyroscopic
stabilization [11, 14].
2In contrast to reversible systems with the curl forces, a
Hamiltonian system is conservative and its stable modes
can be distinguished through the sign of the carried en-
ergy, also known as the symplectic or Krein sign [11, 15].
The linear Hamilton-Hopf bifurcation always involves in-
teraction of eigenvalues with the opposite Krein signs.
A classical example is dynamical instability of inviscid
Maclaurin’s spheroids with high meridional eccentricities
in the problem of stability of equilibria of rotating and
self-gravitating masses of fluid [16].
As early as 1879 viscous dissipation was hypothesized
by Thomson and Tait to be the reason for secular insta-
bility of Maclaurin’s spheroids at eccentricities smaller
than that of the Hamilton-Hopf bifurcation [16]. In 1963
Roberts and Stewartson [17] have proven this dissipation-
induced instability [18] and demonstrated that among
the two modes participating in the Hamilton-Hopf bi-
furcation, viscous dissipation destabilizes the mode of
negative Krein sign [19]. Although non-affected by vis-
cous dissipation, the mode of positive Krein sign can be
destabilized by other damping mechanisms [20]. For in-
stance, the Chandrasekhar-Friedman-Schutz instability
of Maclaurin’s spheroids occurs due to destabilization of
modes of positive Krein sign due to radiation reaction
forces caused by emission of gravitational waves [21].
In view of the evidence of the destabilizing properties
of both viscous and radiation damping even more strik-
ing was the discovery made by Lindblom and Detweiler
(1977) that, when simultaneously present, the two insta-
bility mechanisms can inhibit each other [22]. The criti-
cal value of the meridional eccentricity of the Maclaurin
spheroids in the limit of vanishing dissipation depends
just on the ratio between the two damping coefficients, so
that the limit of the critical value does not coincide with
the critical value for the ideal case at all the ratios except
a unique one, equal to 1 in [22]. Similarly to the case of
nonconservative reversible systems, this happens because
the classical Hopf bifurcation and the Hamilton-Hopf bi-
furcation meet in the Whitney umbrella singularity that
exists on the stability boundary of a near-Hamiltonian
dissipative system and corresponds to the onset of the
Hamilton-Hopf bifurcation [8, 11, 12].
Although the destabilizing effect of damping for equi-
libria of Hamiltonian and reversible systems is being dis-
cussed for decades, no experimental evidence is known
for the singular limit of the classical Hopf bifurcation in
a near-Hamiltonian, or a near-reversible system, when
dissipation tends to zero. One of the difficulties for
such experiments is the identification and control of at
least two different damping mechanisms. For reversible
elastic structures the challenge lies in the realization of
circulatory follower loads, acting for a sufficiently long
time. Previous attempts are reported to create a fol-
lower load through the thrust produced either by water
flowing through a nozzle [23], or by a solid rocket motor
mounted at the end of an elastic rod in a cantilever con-
FIG. 1: The Pflu¨ger column [27] clamped at x = 0 with a
point mass M at x = l. The column is loaded at x = l
by a constant compressing circulatory force P inclined to the
tangent to the elastic line of the column, so that v′(l)χ¯ =
const. (equal to 0.092 in all the experiments).
figuration [24]. In the former realization hydrodynamical
effects enter into play and in the latter the duration of
the experiments is limited to a few seconds. In contrast,
the frictional follower force acting on a wheel mounted
at the free end of the double-link Ziegler pendulum al-
lowed Bigoni and Noselli to significantly relax the time
limitation [25].
In the present Letter an experimental realization is
reported of the Pflu¨ger column [26, 27], a viscoelastic
cantilevered rod carrying a point mass at the free end
and loaded by a follower force (Fig. 1) obtained via fric-
tion similarly to [25]. Two damping mechanisms—the
air resistance and the internal Kelvin-Voigt damping—
are identified and controlled by changing the geometrical
characteristics of the sample rods. The measured critical
flutter loads demonstrate a high sensitivity to the ratio
between the two damping coefficients, being almost in-
sensitive to each of the damping coefficients that both
are very close to zero.
Pflu¨ger’s column as a dissipatively perturbed reversible
system– Consider a rod of length l, mass density per unit
length m and end mass M . It has a deflection v, func-
tion of the x coordinate, and obeys the Bernoulli law
that the rotation of the section φ is given by the relation
φ(x) = −v′(x), where a dash denotes derivative with
respect to x. A momentum-curvature viscoelastic con-
stitutive relation of the Kelvin-Voigt type is assumed in
the formM(x, t) = −EJv′′(x, t) − E∗Jv˙′′(x, t), where a
superimposed dot denotes the time derivative, E and E∗
are respectively the elastic and the viscous moduli of the
rod, which has a cross section with moment of inertia J .
The rod is clamped at one end and is loaded by the force
P that is inclined with respect to the tangent to the rod
at its free end such that v′(l)χ¯ = const., Fig. 1.
Assuming that a distributed external damping K
caused by the air drag is acting on the rod, and intro-
3FIG. 2: Pulsation (continuous red curves) and growth rates (dashed blue curves) for the Pflu¨ger column versus the dimensionless
follower load p (a) without damping and (b) in the presence of a Kelvin-Voigt damping for the material (η) and air drag (γ),
demonstrating the drop in the onset of flutter. The plots were obtained with the parameters of sample 5 in Tab. I.
ducing the dimensionless quantities
ξ =
x
l
, τ =
t
l2
√
EJ
m
, p =
Pl2
EJ
, α = tan−1
(
M
ml
)
,
η =
E∗l2√
mEJ
J
l4
, γ =
Kl2√
mEJ
, β =
γ
η
, χ = 1− χ¯, (1)
the linearized differential equation of motion which gov-
erns the dynamics of the rod can be written as
v′′′′(ξ, τ) + ηv˙′′′′(ξ, τ) + pv′′(ξ, τ) + γv˙(ξ, τ) + v¨(ξ, τ) = 0,
(2)
where now a dash denotes differentiation with respect to
ξ and a dot differentiation with respect to τ .
Assuming time-harmonic vibrations with dimension-
less pulsation ω = ωRe + iωIm in the form v(ξ, τ) =
v˜(ξ) exp(ωτ) equation (2) yields a linear differential equa-
tion for v˜(ξ), where
v˜(ξ) = A1 sinh(λ1ξ) +A2 cosh(λ1ξ)
+ A3 sin(λ2ξ) +A4 cos(λ2ξ), (3)
with Ai (i = 1, .., 4) arbitrary constants and
λ21,2 =
√
p2 − 4(1 + ηω)(γω + ω2)∓ p
2(1 + ηω)
(4)
satisfy the boundary conditions
v˜(0) = v˜′(0) = 0, v˜′′(1) = 0, (5)
(1 + ηω)v˜′′′(1)− (χ− 1)v˜′(1)p− ω2 tan(α)v˜(1) = 0.
A substitution of equation (3) into (5) yields an algebraic
system of equations which admits non-trivial solutions if
0 = λ1λ2(1 + ηω)(λ
4
1 + λ
4
2) + λ1λ2p(χ− 1)(λ22 − λ21)
+λ1λ2[2(1+ηω)λ
2
1λ
2
2−p(χ−1)(λ22−λ21)] coshλ1 cosλ2
−ω2 tanα(λ21+λ22)[λ2 sinhλ1 cosλ2−λ1 coshλ1 sinλ2]
+λ21λ
2
2[2p(χ− 1)+(1 + ηω)(λ22−λ21)] sinhλ1 sinλ2. (6)
Singular flutter limit in the Pflu¨ger column– The roots
of Eq. (6) are the eigenvalues ω governing the vibrations
of the Pflu¨ger column. These are plotted in Fig. 2 as func-
tions of the load parameter p, with all the other param-
eters kept fixed. In the absence of both the Kelvin-Voigt
damping (η) and the air drag (γ), the Pflu¨ger column is
a reversible system and loses stability by flutter via colli-
sion of imaginary eigenvalues in a linear reversible-Hopf
bifurcation, Fig. 2 (a). In the presence of the two dissipa-
tion mechanisms, the merging of modes becomes imper-
fect, thus yielding flutter instability through the classical
Hopf bifurcation at a value of p significantly lower than
in the case when the dissipation source is absent, Fig. 2
(b). Theoretically, when the damping coefficients tend to
zero while their ratio is kept constant, a limiting value of
the flutter onset is reached, which generically differs from
the flutter onset of the undamped column [5, 7–9, 11].
Experimental realization of the Pflu¨ger column– In-
spired by the Ziegler set-up [25], a new mechanical de-
vice (Fig. 3) has been designed and realized to induce a
follower force at the end of a Pflu¨ger column. The force
(which is continuously acquired with a miniaturized load-
ing cell) is produced by friction generated through sliding
of a freely rotating wheel against a conveyor belt and can
be calibrated as proportional (through the Coulomb fric-
tion rule) to the vertical load (provided via frictionless
contact with a glass plate) pressing the wheel against the
conveyor belt (which was running at a constant speed of
0.1 m/s in all experiments) [28].
The viscoelastic rods that model the Pflu¨ger column
are realized in polycarbonate (E ≈2344 MPa, Poisson’s
ratio ν =0.37 and volumetric mass density ρ ≈1185 kg
m−3). The damping coefficients E∗ and K for the tested
rods were identified using a modified logarithmic decre-
ment approach in a separate test, by imposing a sinu-
soidal base displacement at the clamped end of a can-
4FIG. 3: The sketch of the ‘flutter machine’ producing the
frictional partially follower load P at the free end of the can-
tilevered viscoelastic Pflu¨ger column.
Rod
b l J M α η,×10−3 γ,×10−3 β
[mm] [mm] [mm4] [kg] [-] [-] [-] [-]
1 1.90 250 13.718 0.105 1.426 1.059 24.705 23.329
2 1.90 250 13.718 0.075 1.369 1.059 24.705 23.329
3 1.90 250 13.718 0.060 1.320 1.059 24.705 23.329
4 1.90 300 13.718 0.060 1.280 0.746 36.056 48.332
5 1.92 350 14.156 0.060 1.236 0.557 48.368 86.837
6 1.95 400 14.830 0.060 1.196 0.439 62.128 141.522
7 2.98 550 52.927 0.089 1.063 0.348 50.764 145.874
8 2.98 550 52.927 0.075 0.982 0.348 50.764 145.874
9 3.07 800 57.869 0.089 0.903 0.177 102.538 579.311
10 3.07 800 57.869 0.075 0.813 0.177 102.538 579.311
11 3.07 800 57.869 0.060 0.702 0.177 102.538 579.311
TABLE I: Characterization of the different samples tested.
Rods for all the 11 samples have identical height, h = 24 mm.
tilever beam with a shaker and measuring the accelera-
tion of the free end [28]. The critical flutter load for the
Pflu¨ger column was experimentally investigated covering
a wide range of values of the mass ratio α, Tab. I. Note
that, since E∗ and K are constant, the geometry of the
tested rods parameterizes the dimensionless damping co-
efficients η and γ according to Eqs. (1), so that different
values of γ and η, are obtained for rods of different length
(l) and thickness (b).
Detection of the singular limit of the flutter onset– The
results of the measurements together with the theoretical
predictions of [7, 27] are shown in Fig. 4 for eleven sam-
ples (see Tab. I) in the plane p versus α. Fragments of
theoretical critical curves, pertaining to samples of dif-
ferent lengths and thicknesses, are plotted for the rele-
vant intervals of α. These boundaries are well-separated
FIG. 4: Critical flutter load p versus mass ratio α. Theoretical
predictions based on Eq. (6) are plotted (the upper dashed
curve) when damping is absent, when only external (γ, dot-
dashed lines) or internal (η, lower dashed lines) damping is
present, and (solid lines) when both damping mechanisms
are present. Experimental results are marked by diamonds
with error bars. The tested samples are numerated and their
characteristics reported in Tab. I.
FIG. 5: Solid curves mark the critical flutter load versus
damping ratio β = γ/η at different values of mass ratio α
and corresponding fixed values of η, see Tab. I. The experi-
mental data are shown by spots with error bars. Dashed lines
indicate the critical flutter load of the undamped Pflu¨ger col-
umn for the same values of α.
from the flutter boundary of the undamped system, rep-
resented by the upper dashed curve. In cases when ei-
ther η = 0 (the dot-dashed curves) or γ = 0 (the lower
dashed curves) the difference between the flutter bound-
aries corresponding to samples of various geometry is al-
most indistinguishable, as it should be, in agreement with
the theory, when the damping coefficients are very small
[5, 7–9, 27]. In contrast, when both damping mecha-
nisms are taken into account, the critical curves dramat-
ically differ for samples of different length and thickness.
This is because the ratio β = γ/η = (K/E∗)(l4/J) be-
5tween the two damping coefficients increases almost 25
times from the first sample to the eleventh (see Tab. I),
although the damping coefficients γ and η vary weakly
with the sample geometry.
Assuming γ = βη in equation (6) and fixing η to be
one of the values reported in Tab. I, the flutter bound-
ary is plotted in Fig. 5 in the p versus β representation.
Since for every length and thickness the critical flutter
load depends weakly on α, see Fig. 4, the flutter bound-
aries in Fig. 5, inset (a), are situated very close to each
other. If the results of the measurements are superim-
posed, the experimental points perfectly fit this family of
boundaries, within the error bands. Both the theoretical
curves and the experimental points lie below the critical
values of the undamped system for all values of α. Nev-
ertheless, the critical flutter load of the weakly damped
Pflu¨ger column is very sensitive to the damping ratio and
increases as β increases with the tendency to touch the
lowest of the ideal flutter boundaries at β ∼ 1000, where
the critical loads of the damped and undamped system
coincide (within the error bands), Fig. 5.
It can be therefore concluded that the theoretically pre-
dicted singular limiting behavior of the onset for the clas-
sical Hopf bifurcation has been detected and can now
be considered as experimentally confirmed for a near-
reversible system in the limit of vanishing dissipation.
Our results open a new line of research in dissipation-
induced instabilities and related effects in a controlled
experimental environment.
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